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Abstract. We establish the stability of second-order linear dynamic equations on time scales in 
the sense of Hyers and Ulam. To wit, if an approximate solution of the second-order linear equation 



exists, then there exists an exact solution to the dynamic equation that is close to the approximate 



one. 



1. INTRODUCTION 



In 1940, Ulam posed the following problem concerning the stability of functional equations: give 
conditions in order for a linear mapping near an approximately linear mapping to exist. The problem 
for the case of approximately additive mappings was solved by Hyers who proved that the Cauchy 
equation is stable in Banach spaces, and the result of Hyers was generalized by Rassias. 

Throughout this work we assume the reader has a working knowledge of time scales. 

Definition 1.1. For real constants a and /3, consider the second-order linear dynamic equation 



on [a, b]j, there exists a solution u e C^[a, b]i of ( 11. II) such that \y — u\ < Ke on [a, b]j for some 
constant K > 0, then (11.11) has Hyers-Ulam stability [a, b]i. 

Theorem 1.2 (Constant Coefficients). If the characteristic equation A 2 + aX + = has two 
distinct positive roots, then (11.11) has Hyers-Ulam stability on [a,b]j. 
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x AA (t) + ax A (t) + /3x(t) = 0, te[a,b] T . 




If whenever y e C^ 2 [a, b]f satisfies 



y AA + ay A + f3y\ < e 
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Proof. Let e > be given, and let y G C A ^[a, 6]t such that \y AA + cm/ a + (3y\ < e on [a, 6]t- Let 
Ai, A2 be the distinct positive roots of A 2 + aX + j3 = 0. On [a, 6]t define 

9-=y A - Aiy; 

then # A = y AA - X x y A , so that 

\g A - X 2 g\ = \y AA - X lV A - \ 2 y A + X^y] = \y AA + ay A + py\ < e 
on [a, b]j. Thus — s < g A — X 2 g < s, or rewritten, 



< ^ A + (eA 2 )^ CT < 



1 + //A2 1 + fiX 2 

For the case < A 2 < 1 there exists M > such that MA 2 > 1, so without loss of generality we 
can assume that A 2 > 1. Then 

£(GA 2 ) <g A + (eX 2 )g a < -e(qX 2 ). 
Multiply by e e \ 2 (-,a) to see that 

e{e eX2 {-,a)) A (t) < (ge eX2 {-, a)) A (t) < -e (e eAa (-, a)) A (t), 
so that delta integrating from t to b yields 

-e (e eX2 (t, a) - e eA2 (b, a)) < g(b)e eX2 (b, a) - g(t)e eX2 (t, a) < e (e eA2 (t, a) - e eX2 (b, a) ) . 

Then 

-ee eX2 (t,a) < (g(b) - e) e eX2 (b,a) - g(t)e eX2 (t,a) < ee eX2 (t, a) - 2e eX2 (b, a), 

whence 

-ee eX2 (t,a) < (g(b) -e)e eX2 (b,a) - g(t)e eX2 (t, a) < ee eX . 2 (t,a). 
Multiplying the above inequality by e X2 (t, a) results in 

-e < (g(b) - e) 6qa 2 (6, *) - g(t) < e. 

If we let 

z (t) := (g(b) -e)e eX2 (b,t) = (g(b) -e)e X2 (t,b), t e [a,b] T , 

then clearly z A (t) = X 2 z(t) and \g(t) - z(t)\ < e for t G [a,b] T . Since g(t) = y A (t) - Xiy(t) for 
t G [a, b]j, we have 

-e < y A (t) - X iy {t) - z{t) < e. 
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By an argument similar to the one given above, we can show that there exists 

u>(t) := (y(b) - e)e Xl (t,b) - e Xl (t,a) / — — — -e eAl (s, a) As 

Jt l + /i(s)Ai 

such that \y(t) — u(t)\ < e for t G [a,b]j and u G C^[a,b]j satisfies u A — \\u — z = on [a, 6]t- 
Consequently 

u AA (t) - (Ai + A 2 )n A (t) + AiA 2 «(t) = 0, t G [a, 6] T 

that is 

u AA + au A + (3u = 

on [a, b]j, completing the proof. □ 
For the next result consider the inhomogeneous second-order linear dynamic equation 

x AA (t) +ax A (t) + Px(t) = f(t), te[a,b] T . (1.2) 

Theorem 1.3 (Inhomogeneous with Constant Coefficients). Assume the characteristic equation 
A 2 + a\ + f3 = has two distinct positive roots. For every e > 0, / G C r( j[a, b]j, and y G C^ 2 [a, b]i, 
if 

\ y AA + ay A + (3y-f\<e (1.3) 

on [a, 6]t, then there exists a solution u G C^fa, o]t of (jl.2p suc/i i/iai |y — u| < on [a, 6]t /or 
some constant K > 0, that is to say ( II .2 j) /ias Hyers-Ulam stability on [a,b]j. 

The next theorem considers the inhomogeneous second-order linear dynamic equation with vari- 
able coefficients 

x AA (t) + p(t)x A (t) + q(t)x(t) = f(t), t G [a, 6] T . (1.4) 
First we will need the following lemma. 

Lemma 1.4. Let d, f G C r d[a, p]t suc/i i/mf 1 + fj,(t)d(t) ^ /or all t G [a, &]t and 

sup |e d (t,a)| / |e d (a,a(s))| As < oo. 

t£[a,b]j J a 

Let x G C A [a, 6]i>. T/ien t/ie first-order dynamic equation 

x A (t) -d(t)x(t) - f(t) =0, te[a,6] T (1.5) 
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has Hyers-Ulam stability, that is whenever g G C^[a, b]i satisfies 

\g A (t)-d(t)g(t)~ f(t)\ <e, te [a, b] T 

there exists a solution w G C^[a,6]T of (11.51) such that \g — w\ < he on [a, 6]x for some constant 
L > 0. 

Proof. Given e > 0, suppose there exists g G C^[a,6] T that satisfies 

\g A {t)-d(t)g{t)-f(t) \ <e, te[a,b] T . 

Set 

I := g A - dg - /; 
by [H Theorem 2.77] we have that g is given by 

g{t) = e d (t,a)g{a)+ [ e d (t,a(s)) (f(s) + £(s)) As. 

J a 

Let w be the unique solution of the initial value problem 



Then 



and 



w A — dw — / = 0, w(a) = g(a). 



w(t) = e d (t,a)g(a)+ / e d (t,a(s))f(s)As, 



\g{t)-w{t)\ 



e d (t,a(s))£{s)As 



e d (t,a) / e d (a, a(s))£(s)As 



< 



< e sup |e d (t, a)| / \e d (a, a(s))\ As 

te[a,b] T 

< Le 



for all t G [a, b]j, where L := sup t6 r a6 i T \e d (t, a)\ J* \e d (a, cr(s))\ As is a constant independent of g 
and e. Since w solves (jl.5p by construction, the proof in complete. □ 
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Theorem 1.5 (Inhomogeneous with Variable Coefficients). Letp,q,f G C r( j[a,6]T and consider 
(II. 4p . Assume the related dynamic Riccati equation 

z A {t) + p{t)z{t) - z{t)z a {t) = q(t), t G [a, b} r 

has a particular solution z with both 1 + n(t)(z a (t) —p(t)) ^ and 1 — fi(t)z(t) ^ for alltE [a,b]j. 
Furthermore assume that 

sup |e(^_ p )(t, a) | / |e( 2 <r_ p )(a, cr(s)) | As < oo (1.6) 

ie[a,6] T ia 

and 

sup |e_ z (t,a)| / |e_ 2 (a, cr(s)) \ As < oo. (1.7) 

ie[a,b]x J a 

T/ien ( 11. 41) has Hyers-Ulam stability on [a, b]j. 

Proof. We need to show that if there exists a y G C^fa, 6]ir that satisfies 

|y AA (t) + p(t)y A (t) + q(t)y(t) - f(t)\ < e (1.8) 

for t G [a, 6]x, and the dynamic Riccati equation 

z A (t)+p(t)z(t)-z(t)z°(t) = q(t) 

has aparticular solution z with both 1+ fi(t){z a {t) — p(£)) 7^ and 1 — fi(t)z(t) 7^ for t G [a, 6]t such 
that (II .6ft and (11.71) hold, then there exists a solution u G C^ 2 [a, o]t of (11.41) such that \y — u\ < Ke 
on [a,b]j for some constant K > 0. 

Let e > be given, and let g/ G C^ 2 [a, b}j such that |y AA + py A + qy — f\ < e on [a, b]j. Assume 
z is a particular solution of the Riccati equation z A + pz — zz a = q on [a, b]j, and set 

g:=y A + zy, d := z a - p. 

Then # A = y AA + z°y A + 2 A w, so that 

\g A -dg-f\ = \y AA + z°y A + z A y - (z° - p)(y A + zy) - f\ = \y AA + py* + qy-f\< £ 

on [a, b]j. As all of the hypotheses of Lemma [l~4l hold, equation (11.51) has Hyers-Ulam stability, and 
there exists a solution w G C A [a, b]j of 

w A (t) - d(t)w(t) - f{t) = 0, te[a,b] T (1.9) 
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where w is given by 

w(t) = e d (t,a)g(a) + / e d (t, a(s))f(s)As, 

J a 

and there exists an L > such that 

\g(t)-w(t)\<Le, te[a,b) T . 

Since g = y A + zy, we have that 

\y A (t) + z(t)y(t) -w(t)\<Le, t E [a, b] T . 
Again apply Lemma [P] to see that there exists a solution u e C^[a, b]j of 

u A {t) + z{t)u{t) -w(t) = 0, te[a,b} T (1.10) 

given by 

u{t) = e_ z {t,a)y{a) + / e_*(i, ff(s))w(s)As, 



and there exists an K > such that 

\y(t) — u(t)\ < KLe, t E [a, b]j. 

Moreover, 

AA , A , r AcrAAiA, x 

u + pu + qu — j = w — z u — z u + pu + qu — j 

= (dw + f) - (d + p)u A + (q - z A )u + pu A - f 
= d(w — u A — zu) 
= 

on [a, b]r, so that u is a solution of (11.41) . and actually u G C^[a, b]j. □ 
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